Local Geometric Phase and Quantum State Tomography in a Superconducting
  Qubit by Kang, Kicheon
ar
X
iv
:1
30
3.
70
19
v1
  [
co
nd
-m
at.
me
s-h
all
]  
28
 M
ar 
20
13
Local Geometric Phase and Quantum State Tomography in a Superconducting Qubit
Kicheon Kang
Department of Physics, Chonnam National University, Gwangju 500-757, Republic of Korea,
(Dated: July 13, 2018)
We investigate quantum state reconstruction of a superconducting qubit threaded by an Aharonov-
Bohm flux, with particular attention to the local geometric phase. A state reconstruction scheme
is introduced with a proper account of the local geometric phase generated by Faraday’s law of
induction. Our scheme is based on measurement of three complementary quantities, that is, the
extra charge and two local currents. Incorporating time-reversal symmetry and the Faraday’s law,
we show that the full density matrix can be reconstructed without ambiguity in the choice of gauge.
This procedure clearly demonstrates that the quantum Faraday effect plays an essential role in the
dynamics of a quantum system that involves Aharonov-Bohm flux.
PACS numbers: 73.23.-b, 03.65.Vf, 03.65.Wj
Aharonov-Bohm (AB) effect [1] is regarded as a purely
topological phenomenon that arises even in the absence
of electromagnetic force, as far as the magnetic field is
localized inside a loop and vanishes in the region of the
electronic path [2]. The situation is different if an AB
loop involves a time-dependent flux. Faraday’s law of in-
duction plays a central role in quantum state evolution in
the presence of time-dependent magnetic flux [3], even in
the adiabatic limit. The geometric nature of the Faraday-
induced phase has been investigated in Ref. [3], which is
essential in quantum state dynamics of generic AB loops.
It has been predicted that this phase is observable in a
flux-switching experiment with double-dot AB loop. In
addition, estimating the state of a qubit is an essential
ingredient for quantum information processing [4]. The
most developed candidate for a solid-state realization is
the superconducting qubits [5]. AB flux is an essential
control parameter in various types of superconducting
qubits. In particular, in a single Cooper pair box (SCB)
with two parallel-coupled Josephson junctions, the AB
flux penetrating the loop between the two junctions is
used to control the effective coupling strength of the two
charge states [6]. Also, flux switching may be useful for
estimating the qubit state in a SCB [7]. However, as
pointed out previously by the author [3], it is not possi-
ble to specify the state evolution of a qubit involving a
change in the AB flux, without proper consideration of
the Faraday’s law of induction. It is rather puzzling that
this effect has been widely ignored.
In this Letter, we investigate how quantum state to-
mography (QST) [8, 9] can be performed for a flux-
tunable superconducting qubit, with particular attention
to the Faraday-induced local geometric phase. We intro-
duce a QST scheme with detection of the local charge
and the two local currents flowing through each junc-
tion. The Faraday-induced local phase plays an essential
role in this procedure. Starting from a system with a
time-reversal symmetry (that is, with a vanishing exter-
nal magnetic field), the density matrix can be fully re-
constructed without ambiguity, and the phase evolution
of its off-diagonal elements is completely determined by
Faraday’s law of induction. Notably, this is in strong con-
trast with the arbitrary (gauge-dependent) local phase in
the conventional description of the AB effect. In addi-
tion, this procedure provides particular insight for char-
acterizing an equilibrium state.
A superconducting Cooper pair box - We consider a su-
perconducting Cooper pair box (SCB) with two Joseph-
son junctions threaded by a magnetic flux (Fig. 1) [6].
This is one of the simplest quantum systems involving
the AB phase. The SCB has been extensively studied in
the context of quantum information processing [5], and is
one of the best candidates for investigating the Faraday-
induced local phase. A theoretical scheme with a SCB [7]
describes a state reconstruction with charge detection fol-
lowed by voltage/flux switching. However, the Faraday
effect has not been considered in Ref. 7. In fact, with-
out considering the Faraday effect, the evolution of the
qubit state cannot be properly described [3]. As we will
show here, characterization of the local phase, which is
directly related to Faraday’s law of induction, is essential
for a QST. Despite recent progress in realizing the QST
with superconducting qubits [10], the essential role of the
Faraday-induced local phase has never been addressed.
A SCB (Fig. 1) is described by the Hamiltonian
H =
1∑
n=0
En|n〉〈n| −
1
2
(
E˜J |1〉〈0|+ E˜
∗
J |0〉〈1|
)
. (1a)
The qubit energy level En (n = 0, 1) is En = Ec(n −
ng)
2, where Ec is the charging energy of a Cooper pair.
This level is tunable via the gate-dependent parameter
ng. Josephson energy, EJ , is assumed to be identical for
the two junctions, which gives the effective Josephson
coupling
E˜J = 2EJe
i(ϕa−ϕb)/2 cos (ϕ/2), (1b)
where ϕa(ϕb) is the local phase shift across the junction
a(b) (Fig. 1). The magnitude of E˜J is controlled by the
AB phase ϕ = ϕa + ϕb, whereas the choice of the two
2local phases ϕa and ϕb is arbitrary. The phase factor
ei(ϕa−ϕb)/2 is widely ignored for convenience, which is fine
for describing any phenomena with a time-independent
flux. However, this phase factor plays a major role in
our context. It is useful to rewrite the Hamiltonian in
a Bloch-sphere representation (assigning the pseudospin
states | ↑〉 = |0〉, | ↓〉 = |1〉) as
H = −
1
2
B · ~σ, (2a)
where
B =
(
Re(E˜J ), Im(E˜J ), Ec(1− 2ng)
)
, (2b)
and ~σ = (σˆ1, σˆ2, σˆ3). As one can find from Eqs.(1, 2),
the Hamiltonian depends on the phase factor ei(ϕa−ϕb)/2.
Therefore, variation in the local phases affects the quan-
tum state dynamics, and one can already expect that the
local phase variation should be related to some physical
process.
Faraday-induced local phase - Any choice of ϕa and ϕb
(with the constraint ϕa+ϕb = ϕ) is fine unless a change
of the flux is involved. However, when the flux varies in
time, even in the adiabatic limit, the Faraday’s law of in-
duction plays a crucial role in the state evolution [3]. This
should be considered for the choice of gauge. A change
in the flux induces changes in the local phases ϕa and
ϕb as well as the AB phase ϕ, namely δϕ = δϕa + δϕb.
For the SCB under consideration, we adopt the represen-
tation with single-valued time-independent energy levels
En (n = 0, 1) for each qubit state. This is equivalent to
the choice of time-independent scalar potential. Then,
we find
δϕa(b) =
2e
h¯c
∫
a(b)
δA(r) · dr, (3)
where
∫
a(b)
is the integral along the path a(b). The im-
portant point here is that the change in the vector po-
tential δA is not gauge dependent but is proportional to
the Faraday-induced momentum kick (δp) as
δA = −c
∫
Et dt = −
c
e
δp, (4)
where Et denotes the time-dependent contribution of
the electric field generated by the Faraday’s induction.
Therefore, δϕa(δϕb) is a gauge-invariant physical quan-
tity, whereas ϕa(ϕb) itself can be chosen arbitrarily to
describe the AB effect.
Basically, the Faraday-induced local phase is deter-
mined by the geometry of the system, and can be mea-
sured via flux switching and the charge response of the
qubit, as also described in Ref. 3 for a double-dot AB
loop. This is because the quantum dynamics of the qubit
upon flux switching is uniquely determined by Faraday’s
law of induction.
Quantum state reconstruction procedure - Once (varia-
tion of) the local geometric phase is well defined due to
the law of Faraday induction, it is possible to carry out
tomography of an arbitrary quantum state. Three inde-
pendent quantities should be measured for qubit state re-
construction; namely, the three components of the pseu-
dospin average (〈σˆ1〉, 〈σˆ2〉, 〈σˆ3〉) in the Bloch-sphere rep-
resentation. This is easily understood because any single-
qubit density matrix can be represented by [9]
ρ =
1
2
3∑
k=0
〈σˆk〉σˆk , (5)
where σˆ0 = 1 denotes the unit matrix. It is also pos-
sible to perform a QST by measuring only one variable
(〈σˆ3〉, for instance) followed by appropriate single-bit op-
erations. It can be done for a SCB with a charge de-
tection combined with pseudo-spin rotations, where the
pseudo-spin rotation is performed by voltage and flux
switching [7]. Here we introduce an alternative, instruc-
tive rather than practical, approach. Our scheme does
not require the voltage or flux switching necessary for
single-bit operations. Instead, a series of direct measure-
ments can be made for the three physical variables. Note
that the conclusion we draw here does not depend on
the kind of state-reconstruction scheme. In any case, the
Faraday-induced phase shift should be included, which is
indeed the essential factor determining the off-diagonal
components of the density matrix.
Our scheme is based on direct measurement of the
three complementary quantities. For a SCB, the three
complementary variables correspond to the excess charge
in the box and the two local currents across each junction
a or b. The charge qˆ,
qˆ = 2e
∂H
∂E1
= 2e|1〉〈1|, (6)
gives the z-component of the pseudospin due to the rela-
tion
σˆ3 = 1− qˆ/e. (7)
The local current Iˆα flowing through junction α (= a or
b) is given by
Iˆα = −
2e
h¯
∂H
∂ϕα
(8)
= −I0 (σˆ1 sinϕα ∓ σˆ2 cosϕα) ,
where I0 = eEJ/h¯ is the current amplitude, and the sign
−(+) in the equation is for the case α = a(b). This
relation is derived from the fact that the local current
density jˆ(r) of an arbitrary quantum system is obtained
from the functional derivative of the Hamiltonian with
respect to the vector potential A, as
jˆ(r) = −c
δH
δA(r)
. (9)
3From Eq. (8), we find
σˆ1 = −
1
I0 sinϕ
(
Iˆa cosϕb + Iˆb cosϕa
)
, (10a)
σˆ2 =
1
I0 sinϕ
(
Iˆa sinϕb − Iˆb sinϕa
)
. (10b)
The average values of the three quantities, 〈qˆ〉, 〈Iˆa〉, and
〈Iˆb〉 provide full information of the average values of
the three complementary variables, 〈σˆ1〉, 〈σˆ2〉, and 〈σˆ3〉.
Therefore, a complete reconstruction for a given qubit
state is possible from Eq. (5).
Time-reversal symmetry (TRS) and the local phase -
While 〈σˆ3〉 is uniquely determined by measuring excess
charge, 〈σˆ1〉 and 〈σˆ2〉 depend on the choice of gauge
ϕa, ϕb. In the Bloch-sphere representation, this is equiv-
alent to the choice of the x − y axes. However, fur-
ther constraints on the gauge can be provided by im-
posing the symmetry of the system. For example, let us
start a quantum state reconstruction procedure from the
case with TRS. The TRS is achieved when the external
magnetic field is zero in all regions of the system. The
time-reversed Hamiltonian (H¯) is related to the original
Hamiltonian of Eqs. (1,2) as
H¯ = H¯(ϕa, ϕb) = H(−ϕa,−ϕb). (11)
The TRS condition, H¯ = H , is satisfied by imposing the
constraint ϕa = ϕb = 0 [11]. That is, for a system with
TRS, the local phase is uniquely determined, in contrast
to an arbitrary choice (with ϕ = 0) for describing an
AB loop [12]. In fact, this constraint of the local phase
is equivalent to the theorem: the non-degenerate eigen-
function of a time-reversal invariant Hamiltonian should
be real (more generally, a real function times phase factor
independent of position) [13].
Starting from the case with perfect TRS, a complete
state reconstruction procedure can be provided as fol-
lows: (i) A quantum state ρ (density matrix) is prepared
in the absence of the external magnetic field (ϕa = ϕb =
0). (ii) The density matrix ρ is reconstructed, without
ambiguity in the local phase, by measuring 〈qˆ〉, 〈Iˆa〉, and
〈Iˆb〉, as described in Eqs (5-10). This is possible because
the arbitrariness of the local phase is removed by TRS.
(iii) Magnetic field is turned on and varied, which mod-
ifies the local phases by δϕa and δϕb. Note that these
local phases are uniquely defined by the Faraday-induced
momentum kick (Eq. (3)). (iv) The procedure of (i) and
(ii) is repeated to provide a full reconstruction of state ρ
as a function of the applied external magnetic field (ϕa
and ϕb are uniquely given). (v) In this way, an arbitrary
state can be reconstructed for an arbitrary distribution
of the external magnetic field.
Equilibrium-state reconstruction and persistent current
- While the QST described above is valid for any state
and is not limited to an equilibrium, it is worth investi-
gating the equilibrium state in relation to the persistent
current. The standard definition of the persistent current
of an AB loop is given by the derivative of the Hamilto-
nian with respect to the AB phase,
Iˆ = −
2e
h¯
∂H
∂ϕ
, (12)
which leads to the relation
Iˆ = −
I0
2
(sinϕa + sinϕb) σˆ1 +
I0
2
(cosϕa − cosϕb) σˆ2
=
1
2
(
Iˆa + Iˆb
)
, (13)
in our SCB. This is an interesting expression in that the
standard definition of the persistent current is equivalent
to the average of the two local currents. In fact, the
persistent current of the definition in Eq. (12) is mean-
ingful only for an equilibrium state, whereas the local
currents Iˆa and Iˆb have their direct physical meaning for
any quantum state. This also implies that the conven-
tional description of the circulating persistent current is
a limiting case of our local-current based scheme. In an
equilibrium state, the two local currents should be bal-
anced, 〈Iˆa〉 = 〈Iˆb〉. Naturally, it results in the obvious
relation 〈Iˆ〉 = 〈Iˆa〉 = 〈Iˆb〉.
Further, by imposing this equilibrium condition 〈Iˆa〉 =
〈Iˆb〉, we find
〈σˆ2〉 = 〈σˆ1〉 tan
ϕa − ϕb
2
. (14)
It can be shown by a straightforward evaluation that the
qubit state is an incoherent mixture of the two eigenstates
|+〉 and |−〉 under the condition of Eq. (14). That is, the
density matrix is reduced to the form
ρ = ρeq = a+|+〉〈+|+ a−|−〉〈−|, (15)
where a± satisfies a+ + a− = 1 with 0 ≤ a± ≤ 1. This
result is equivalent to the basic postulate of equilibrium
quantum statistical mechanics that the interference be-
tween different eigenstates vanishes [14]. Interestingly,
this property is not postulated here but derived from
equilibration of the local current, and can also be under-
stood in terms of the stationary nature of the eigenstates.
Conclusion - In conclusion, the local geometric phase
induced by Faraday’s law of induction plays a central
role in quantum state tomography of a superconduct-
ing qubit in the presence of an external magnetic flux.
A state reconstruction scheme has been proposed for
a superconducting Cooper pair box which involves a
change in the flux. Together with the constraint of time-
reversal symmetry and the Faraday-induced local phase,
any quantum state can be reconstructed from measur-
ing three complementary quantities, without ambiguity
in the gauge dependence. It is also important to note
that our conclusion is not limited to the specific case of a
superconducting qubit but can be widely applied to any
4quantum system that involves a change in magnetic flux,
which calls for further study.
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FIG. 1. (Color online) Schematic of a single Cooper pair box
with two Josephson junctions (a, b) threaded by a magnetic
flux Φ. The qubit state is controlled by the gate voltage and
the flux.
